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Abstract

For a class of discrete-time linear time-invariant (LTI) plants, we present necessary and sufficient
conditions for the existence of a discrete-time LTI controller that ensures that the H > norm of a closed-
loop map of interest is less than a prespecified level, subject to time-domain constraints on this closed-
loop map. In cases when such an LTI controller does not exist, we show that the problem of finding
an LTI controller that satisfies the input-output constraints with the smallest error can be posed as a
convex optimization problem based on linear matrix inequalities. We also consider briefly other related
problems that can be solved completely using a similar approach, namely controller synthesis to minimize
the optimally scaled H® norm, and controller synthesis to maximize the guaranteed dissipation.

1 Introduction

A standard framework for controller synthesis is shown in Figure 1. P is a linear time-invariant (LTT) plant

K

Figure 1: Controller design framework

and K is the controller. w : Z; — R, is the exogenous input, u : Zy — R, is the control input,
y:Zy — Ry, is the observed output, and z : Zy — Ry, is the output of interest. In this paper, we will
restrict our attention to LTI controllers K'; thus the closed-loop system is an LTI system. We let H,, denote
the closed-loop transfer matrix from w to z.

Our objective in this paper, for the most part, is to design K so as to minimize the H* norm of H,,,,
subject to constraints on the transient-response at z due to some specified reference input at w (we will refer
to such constraints as “transient-response tracking” constraints). In cases when a transient-response error
can be tolerated, we study the tradeoff between the error in transient-response tracking and the H* norm
of H,,. We also consider briefly other related problems, namely: (i) LTT controller synthesis to minimize an
exponentially time-weighted H* norm of H,,, subject to steady-state tracking constraints for polynomial
inputs, (ii) controller synthesis to minimize the optimally scaled H* norm of H,,, and (iii) controller
synthesis to maximize the guaranteed dissipation of H,, . It is important to note that the conditions we
provide are necessary and sufficient when controllers are restricted to be LTI; thus our design methods
provide useful limits of performance achievable with any LTI controller. The design methods also provide a
parametrization of all LTI controllers that achieve the design goals; however, it is not easy to directly pick
controllers of low or fixed order from this parametrization.
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Our approach combines interpolation theory and recent advances in numerical optimization, in particular
convex optimization involving linear matrix ine ualities (I Is). We should mention that a number of other
researchers have applied interpolation theory to the problem of H*-optimal controller design; see for exam-
ple, 1, | and . Our approach differs from these in two ways. First, we show that transient-response
and steady-state tracking constraints can be readily handled in the interpolation framework. econdly, and
perhaps more importantly, we show that we can compute e act tradeo s between the H* norm of the
closed-loop map of interest and the error in the satisfaction of the input-output constraints, using convex
optimization. We are not aware of any other existing methods for H* controller design (two- iccati, L T
etc.) that provide such a complete solution to these problems.

The outline of the paper is as follows. In | we review controller design using interpolation theory,
and in  and , we discuss a number of controller design problems that can be solved using . I-based
optimization and interpolation theory.

Apart from standard notation and terminology, we also use the following.  denotes the open unit-disc
1. denotes the unit-circle 1 . H* denotes the set of functions that

are bounded and analytic in . (This may differ from conventional definitions of H°; the reason for our
convention will become apparent later.) H* _ denotes the set of matrices whose entries are in H*;
such transfer matrices will be called “stable” in the se uel. For H  H® ., the H* norm is defined as

H » sup H( ) , where denotes the spectral norm (maximum singular value) of a matrix
(for vectors, is just the uclidean norm). denotes the ilbert space of complex-valued s uare
integrable se uences defined over the nonnegative integers Z,. For , stands for the -norm,

defined as < 0)

¢ round

Let the plant transfer matrix P be partitioned in an obvious manner as

PZ’LU PZ

P P, P

Let ., denote the set of achievable stable closed-loop transfer matrices from w to z, i.e., the set of all
transfer function matrices achievable over all stabilizing controllers K:

ww Huy H., P., P.K( P K) P, H,isstable

It is well-known (see for example, | ) that ., can alternatively be parametrized affinely using the
oula parameter  as
zw stable
where | and are stable transfer matrices of sizes w, =z and w respectively, given

explicitly in terms of the plant transfer matrix P.  oreover, every stable  also yields a stabilizing controller
K and vice versa. Thus, the problem of controller design, i.e., determining K, is e uivalent to the problem
of determining the oula parameter

In this paper, we will consider the special case where:

1. We have w and 2, and that () and () are full rank matrices for almost all in
and share no zeros in

and have no zeros on

Assumption (1), roughly speaking, means that we have in effect more sensors than exogenous inputs w and
more actuators than controlled variables z, and that none of the actuators and sensors are redundant; thus,
the problem considered is e uivalent to the so-called one- loc problem of H* control. Assumptions ( )



and () are standard technical conditions re uired for the application of interpolation theory; loosely speak-
ing, these re uire the sensor and actuator transfer matrices to share no “nonminimum phase” zeros, and to
have no zeros on the unit-circle.

Let , be the transmission zeros of  in |, with geometric multiplicities respectively.
The s are not necessarily distinct. Then, there exist vectors u ns 1 1 such
that

1
u () 1 1
C )
where we have used to denote the th derivative of . The set of vectors u 1 is referred
to as a left-null chain of H,,, at

Let be the transmission zeros of in | with geometric multiplicities respectively.

The s are not necessarily distinct, but they are distinct from the as assumed, that is,
1 1 . Then, there exist vectors Tw 1 1 such that
1
() 1 1
C )
The set of vectors 1 is referred to as a right-null chain of H,,, at
ince 1s stable, H,, must satisfy
1 1

Conversely, it can be shown that if H,,, satisfies (1) and ( ), then there exists a stable transfer matrix

of size such that H,, . Thus (1) and ( ) provide an interpolation characterization
of the set .. Therefore, the problem of designing  (and therefore the controller K) is e uivalent to the
problem of of finding H,, subject to its satisfying the interpolation conditions (1) and ( ). Conditions (1)
and ( ) are referred to as “tangential interpolation conditions” in the literature, to contrast them with matrix
interpolation conditions

The H* norm of H,, gives the “worst-case” -gain of H,,, that is, H,y, o  sup , z . Thus
the problem of finding the smallest achievable -gain between w and z over all possible LTI controllers K
is:

Find inf  H,y oo H:y is stable and satisfies (1) and ( ) ()
roblem () is the two-sided tangential ermite-Fejer problem. iven , a necessary and su cient
condition for to hold is given by the following theorem from | 1 . | restated here in a slightly

different form for our convenience.

1 en t e wuantity ten y satis es if and only if t e solution to
t e wyapuno e uation

()



satis es ere

u U 1
Y y 1
e a e used to denote a ordan loc of si e and et en alue it ones on t e super-dia onal
Therefore, we conclude that is given by minimizing , subject to , where satisfies ().
oreover, the results in , 1 . enable us to construct, for any , all interpolants H,, with
H,y ; this, in turn, parametrizes all stabilizing controllers that satisfy an -gain design constraint.

contro r nt 1 it tr ni1ntr on con tr int

We now consider a variation on the standard H® controller synthesis problem considered in the previous
section. Consider the system shown in Figure . w now has the interpretation of a reference input, and
that of a disturbance.

uppose that given a reference input w  (such as a unit-step), the transient step-response at z is re uired
to track a given trajectory. ore specifically, consider the constraint on the transient-response of the system:

With and w w , the output z satisfies ()
z() =z z(1) =z z( 1) =z
Thus, =z z 1s the trajectory the output is re uired to track over the first  time instants, when w
w  and there are no disturbances. ote that the output values after time 1, that is, z( ) z( n
are unconstrained. For future reference, we let w w (), 1 1; these are just the values of

the reference input over the first  time instants.

We now seek a controller that simultaneously achieves the nominal transient-response tracking, and
minimizes the worst-case error energy at z due to disturbances of bounded energy, acting at the reference
input. Our new design problem is:

Find inf  H,y o Hay is stable, satisfies (1), ( ) and the transient-response condition ( ) ()
iven , we now state a necessary and su cient condition for in roblem () to satisfy
1 en t e wuantity ten y satis es of and only if t e solution

tot e yapuno e uatlion

satis es ere

+ w w + V4 V4

and are de ned in



We first show that the transient-response condition ( ) is e uivalent to a number of additional
interpolation conditions on H,, .

Let H.u( ) e . ote that this is different from the conventional definition of the z-transform
which 1s a power series in z , but consistent with our definition of H*°. ince —H.w() , the

transient-response constraints imply that

How() "
_sz( ) HZU)( ) w
(1)
( 1) sz ( ) ( ) sz ( ) HZU)( )

Thus, the transient-response constraints just lead to additional tangential interpolation conditions on
H,, at the origin:

— " (w z 1 (11)

Introducing the notation 4 and 4 , adding these interpolation conditions to (1) and ( ),
and applying Theorem 1, concludes the proof.

We note that we may have multiple transient-response constraints for multiple reference inputs; these
lead to multiple interpolation constraints at the origin.

ext, consider  satisfying , Where is given by ( ). Then, there exists no LTI controller that
achieves exact transient-response tracking subject to H.y oo (we will refer to  as the “disturbance
attenuation level”). In this case, we may be willing to relax the exact transient-response constraint, by
accepting a nonzero tracking error measured in some appropriate manner. We now show that the study
of the tradeoff between the transient-response tracking error and the disturbance attenuation level can be
e ciently performed using numerical convex optimization. We will thus be able to answer uestions such
as, “What is the smallest transient-response tracking error, over all stabilizing controllers K, for a given
disturbance attenuation level 7 Our answers will be global optima, and thus we will be studying e act
tradeoffs, with LTI controllers K, between tracking and disturbance rejection.

With and w w , we allow the corresponding output z to lie in the set
zz() =z z(1) =z z( 1) =z 1 (1)
The output values after time 1, that is, z( ) z( 1), are unconstrained as before. The left-half

of Figure shows such a transient-response tracking constraint over the first five time instants, for some
reference input w  (this input is not shown in the figure). The solid lines show the desired nominal response
at z, and dotted lines show the transient-response tracking error allowed.

The uantity in (1 )is a measure of the transient-response tracking error. In this case, the interpolation
conditions (11) become

— _H (w z 1 with (1)

From roposition 1 and straightforward algebraic manipulations, we conclude the following:



t en a transient-response trac in error and a distur ance attenuation le el t ere e ists

an controller K ac te in transient-response trac in it error not e ceedin and a distur ance
attenuation le el not e ceedin if and only if t ere e ists a matr: satisfyin
+ a4 1 (1)
suc t at
and (1)

ere t e artous wuantittes int e a o e e uation are de ned in and

At first glance, given and | checking whether there exists  such that conditions (1 ) and (1 ) hold
may appear a formidable numerical task. owever, we have the following theorem that simplifies matters
considerably.

or ed 1 esetof aria les( ) suc t atl conditions and old is a con e set
descri ed y linear matr: e uations and linear maitri ine ualities

It can be shown from simple monotonicity properties of solutions to Lyapunov e uations that for
some  satisfying (1 ), the matrix given by the Lyapunov e uation in (1 ) satisfies ,if and only
if for some and , the following hold:

These conditions, using standard manipulations, can be shown to be e uivalent to the matrix ine ualities
and e uations

( ) (1)

Finally, the constraint that  satisfies (1 ) is e uivalent to

+ 1 (1)
where denotes the th diagonal element of

Therefore, given , there exist and  such that conditions (1 ) and (1 ) hold, if and only if
there exist , , and | satisfying (1 ) and (1 ); these latter conditions are linear matrix e uations and
ine ualities in the variables , |, ,and , and the statement of the theorem follows immediately.

Theorem  has important implications. For example, given and | checking whether there exists
such that conditions (1 ) and (1 ) hold is a con e feasibility problem, in particular, an L T feasibility
problem.  oreover, given a disturbance level | the smallest value of for which there exists  such that
conditions (1 ) and (1 ) hold can be reformulated as a convex L. T optimization problem. Conse uently,
these problems can be numerically solved very reliably and e ciently, using algorithms that rapidly compute
the global optima, with non-heuristic stopping criteria and guaranteed convergence. We refer the reader

to for details about L. I optimization problems and their numerical solution.

bl
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Figure : Controller design with input-output con- Figure : xample of transient and steady-state
straints constraints on the output; a single-output system
is shown here.
o t n ion

In the previous section, we addressed the issue of H*-optimal control subject to transient-response tracking.
We now consider steady-state tracking for polynomial-like inputs, i.e., inputs that are linear combination of
polynomial se uences w :Z; — R given by

W)y (o (1)
For example, with |,  being constant vectors in R"*, w is a (multi-input) step, and w a ramp.
Consider a steady-state tracking constraint of order |, of the form:
For the input w w w w w ,
the output is z satisfies llm  » z( ) (w ( )y w()y w( )y wo (Jy )
where R"* andy R"*, 1 are specified constants. It is an easy exercise to verify Elllaz
these constraints lead to the following interpolation conditions on the closed-loop map H.,, at 1.
H.w(1)
) o, Hou(1)

Once again, steady-state response constraints lead to a number of additional tangential interpolation con-
dition on H,,, as with transient-response constraints.  owever, there is an important difference: The
additional interpolation conditions () are on the unit-circle . Therefore, the problem of finding the
smallest achievable -gain between w and z, that is, finding

inf  H.,y « Hyw is stable, satisfies (1), ( ) and ()
is not a standard two-sided tangential interpolation problem.

Therefore, we consider an alternate problem: We minimize, for some 1, the -shifted H* norm of
H,,, defined as H,, o sup H.,( ) . Thisis e uivalent to introducing an additional “stability-
degree” constraint; see 1 . The choice of | as well as the properties of the solution of the design problem
as — 1 are of independent interest; we will not investigate these uestions here.



The modified design problem is then:
Find inf H,, H, is stable, satisfies (1), ( ) and ( ) (1

ote that H.yp oo H,, oo forall 1, so we are in effect minimizing an upper bound on the -gain,
subject to tracking constraints, for the original system.

ro lem 1s a standard t o-sided interpolation pro lem suc as ro lem

Consider the exponentially time-weighted system H.,( )  H.u( ) for some fixed 1. Then,
H,u oo H,, . oreover, all the interpolation conditions are in for H,,, and therefore they
are all in  for H,,. This concludes the proof.

Combining roposition and Theorem 1, we can immediately solve the problem of controller synthesis
to minimize the -shifted H® norm of H,,,, subject to steady-state tracking of polynomial reference inputs.
We can also incorporate, in a straightforward manner, steady-state tracking constraints for discrete-time
sinusoids using the techni ues outlined in this section; these constraints also lead to interpolation conditions
on the unit-circle. We may consider simultaneous transient-response and steady-state tracking as well.

We may also re uire the system to track polynomial inputs approximately, that is, it may be desired that
for the polynomial input

woow w w w
the response of the system satisfy lim o z( ) z( ) for some z in the set ()
wy ) wl ) wo (Y ) 1

The right-half of Figure shows a simple step-tracking constraint. The solid lines show the steady-state
response at z with exact tracking, and the dotted lines show the steady-state tracking error allowed.

Asin .1, we may apply interpolation theory and I. I-based convex optimization and study tradeoffs
between the -shifted H* norm for the closed-loop system and steady-state tracking error for polynomial
inputs.

We mention another interpolation problem that can be solved by combining . I optimization and interpo-
lation theory. We consider the special case when H,, 1s s uare, that is, », and when has no zeros
in , so that (1) is a vacuous constraint. For this case, we consider the problem of minimizing the dia onally
scaled -gain between w and z over all possible LTI controllers K, subject to transient-response tracking
constraints of the type (1 ), that is:

H,, stable, satisfies ( ), (11),

Find inf Hew e R™ ", diagonal, nonsingular

We remark that the discussion that follows applies to the more general case when  is block-diagonal, with
prespecified block sizes. This problem arises in H* control of systems with structured perturbations 11,1

A similar problem (without any input-output constraints) is considered by afonov 1 | who uses matrix
interpolation theory, as opposed to the tangential interpolation theory that is presented here.

i en t e wuantity ten y satis es of and only if t ere e ists a
dia onal matr: suc t att e solution tot e yapuno e uation

satis es ere and are as de ned in e uation



We first note that for any scaling |

1 1
H () y s e uivalent to ———( Huy ) ()

( ) 2W

and therefore, from roposition 1, there exists a scaling  such that H.,, oo with H,, satisfy-

ing () and (11) if and only if the following hold:

where is diagonal and positive definite, and , and are as defined in e uation ( ).
Thus, the solution to problem () may be found by solving a uasi-convex I. T optimization problem
the so-called generalized eigenvalue problem or (see ):

mimi e oert e arta les dia onal and su ect to

sing a similar approach, we may readily solve variations of roblem (), for example, with steady-state
tracking constraints and the -shifted H* norm objective.

We may extend all the forementioned results to a related problem, that of designing K to maximize the
guaranteed dissipation of the closed-loop map H ., , which is defined as

Hew( ) Hew()

(Hzw) inf

where () stands for the minimum eigenvalue of the ermitian matrix . If w and z are power
conjugate uantities (i.e., their inner-product has the interpretation of power), (H.y) can be thought of as
the “dissipation factor”. Thus, the larger is, the larger the dissipation, and it is often of interest in circuit
theory 1 , Ch. to design systems so as to maximize the dissipation factor.

Consider then, the basic design problem (without any input-output constraints, for simplicity):
Find sup (H.w) H.y is stable and satisfies (1) and () ()

The solution of this problem proceeds via the following proposition.

ten te wuantily ten y satis es of and only if t e solution  to
t e wyapuno e uation

satis es ere

P ) r ) 1 ) ) ()

and and are de ned in



Our proof hinges on reformulating roblem () asan -gain minimization problem for some other
system, under different interpolation constraints. Let .,  ( (H s ) ( (Hsw )). Then, it
is easily verified that H,, satisfies (1) and ( ) if and only if ., satisfies the interpolation conditions

1
()zw()((l) y ) (1) y 1 1 ()
oreover, H,, satisfies (Hy) if and only if ., o 1.
Therefore, we conclude using Theorem 1 that there exists a controller such that (Hy) if and only

if the solution  to the Lyapunov e uation

satisfies , where |, and aregivenby ( ),and , , , |, and are defined in ().

After algebraic manipulations, the Lyapunov e uation () simplifies to (), completing the proof.

We can extend the results of . in a straightforward manner to the problem designing K to maximize
the guaranteed dissipation, subject to transient and steady-state input-output constraints.

nu ric

We consider an example with

+
The interpolation conditions on H,,, are:
1 1
Ml ) | ma( ) ol 1 ()
ince () , there are no left interpolation conditions on H,,. Thus, we have, in the notation of ( ),
1 1
1 1 1

sing Theorem 1, we first determine that the smallest value of H,, o subject to H,, satisfying the
interpolation conditions () is 1 . For future reference, we denote this value by (the optimal
disturbance attenuation level, free of any tracking constraints).

We next impose a transient-response constraint, re uiring that for the reference input whose values over
the first five time instants are



the output for the first five time instants is

1 1
1 1 1 1 ()

(Tt is unconstrained thereafter.) sing roposition 1, we solve for the smallest value of H., o subject
to the additional interpolation conditions imposed by the exact transient-response tracking constraint. The
answer is 1 1 , and we denote this by (the optimal disturbance attenuation level, subject to zero
tracking error).

We then relax these constraints by allowing a transient-response tracking error of (see (1 )). The
tradeoff between the transient-response tracking error and the corresponding smallest achievable H,y oo,
denoted , 1s plotted in Figure . As expected, when 1 1 , which 1s the smallest achievable

H.y oo subject to exact transient-response tracking, . As becomes smaller than , the
tracking error  grows larger. When becomes smaller than the smallest achievable H., o subject
to no transient-response constraints, i.e., , the problem becomes infeasible (i.e., the tracking error
jumps to ). Thus, the tradeoff curve is discontinuous at

ext, we impose the following steady-state tracking constraint, in the place of the transient-response
constraints:

For the input w i w i the output z satisfies
. ()
im . o) w() ,  w() |

( ecall that w is the unit-step and w the unit-ramp.) With these additional interpolation constraints, the
smallest achievable exponentially time-weighted H* norm (with weighting 1 1) for H,,, is 1

elaxing these tracking constraints allows for lower values for H,, o . The tradeoff between the
steady-state tracking error | defined in (), and the smallest achievable value of H.y o is plotted in
Figure . We can make similar statements here, as with tradeoff curve in Figure

4

mallest achievable H o ( ) mallest achievable H
Figure : Tradeoff between the smallest achievable Figure : Tradeoff between the smallest achievable
H.w o and the transient-response tracking error . H,u and the steady-state tracking error
onc u ion

y combining interpolation theory with recent advances in I I-based convex optimization, we have shown
how we may solve a number of important controller design problems. We have demonstrated our results

11



with a simple example. The results presented here also serve to extend the results on system identification,
presented in 1 for the I O case, to the case of multi-input multi-output systems.

ased on the results herein, it is easy to study tradeoffs between the  gain (or the guaranteed dissi-
pation) of the closed-loop system and how accurately the closed-loop system satisfies various input-output
constraints. Computer-aided controller design tools that exploit these results can be devised in a straight-
forward manner.

r nc
1 . imura, “ irectional interpolation approach to “-optimization and robust stabilization,”
rans ut  ontrol, vol. ,pp.1 1, ec1
imura, “Conjugation, interpolation and model-matching in H*” nt ontrol, vol. | no. 1,
pp- o1
. Limebeer and . Anderson, “An interpolation theory approach to H®-controller degree bounds,”
mear e ra and ts pplications, vol. | pp. , 1
A. . ayed, splacement tructure in 1 nal rocessin and al ematics. h thesis, tanford
niversity, tanford, CA , August 1
. A. Francis, course in o ontrol  eory, vol. of ecture otes in ontrol and nformation

ciences. pringer- erlag, 1
idyasagar, ontrol ystem ynt esis actort ation pproac . 1T ress, 1

.A. allI. ohberg, and L. odman, nierpolation of ational atri unctions, vol. of perator
eory d ances and pplications. asel: irkhauser, 1

esterov and A. emirovsky, nterior-point polynomial met ods in con e pro rammin , vol. 1 of
tudies in  pplied at ematics. hiladelphia, A: TA |1

oyd, L. 1 haoui, .Feron,and . alakrishnan, inear atri ne ualitiesin ystem and onirol
eory, vol. 1 of tudies in pplied at ematics. hiladelphia, A: TA |, unel

1 . imura, T. Oike, A. iura, . Akai, and T. 1ida, “ obust stability-degree assignment and its
applications to the control of flexible structures,” nt of o ust and onlinear onirol vol. 1,
pp-1 11, uly eptember1 1.

11 . oyle, “Analysis of feedback systems with structured uncertainties,” roc,vol.1 - |, pp.
, ov.1

1 .. afonov, ¢ tability margins of diagonally perturbed multivariable feedback systems,” roc ,
vol.1 - ,pp. 1 ;1

1 .. afonov, “Optimal diagonal scaling for infinity-norm optimization,” yst  ontrol etters, vol. |
pp- o1

1 C. A esoer and . idyasagar, eed ac ystems npui- uiput roperties. ew ork: Academic

ress, 1

1 . Chen, C. . ett,and . . .Fan, “Worst-case identification in o,: alidation of a priori infor-
mation, essentially optimal algorithms, and error bounds,” in  roc  merican onirol onf, (Chicago),
pp. 1 , une 1



