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ABSTRACT Second harmonic generation and optical para-
metric amplification in negative-index metamaterials (NIMs)
are studied. The opposite directions of the wave vector and
the Poynting vector in NIMs results in a “backward” phase-
matching condition, causing significant changes in the Manley—
Rowe relations and spatial distributions of the coupled field
intensities. It is shown that absorption in NIMs can be compen-
sated by backward optical parametric amplification. The pos-
sibility of distributed-feedback parametric oscillation with no
cavity has been demonstrated. The feasibility of the generation
of entangled pairs of left- and right-handed counter-propagating
photons is discussed.

PACS 78.67.-n; 42.65.Ky; 42.65.Lm

1 Introduction

Recent demonstration of a negative refractive in-
dex for metamaterials in the optical range [1,2] opens new
avenues for optics and especially nonlinear optics. In paral-
lel with progress for metal-dielectric metamaterials, experi-
mental demonstrations of negative refraction in the near IR
range have been made in a GaAs-based photonic crystal [3],
and in Si-polyimide photonic crystals [4]. Negative refractive-
index metamaterials (NIMs) are also referred to as left-handed
materials (LHMs). The sufficient (but not necessary) condi-
tien for a negative refractive index is simultaneous negative
dielectric permittivity e(w) and negative magnetic permea-
bility w(w) [3, 6]. Negative magnetic permeability in the op-
tical range has been demonstrated in [7-9]. NIMs exhibit
highly unusual optical properties and promise a great variety
of unprecedented applications. Optical magnetization, which
is normally ignored in linear and nonlinear-optics of the ordi-
nary, positive-index materials (PIMs) (i.e., right-handed ma-
terials, RFIMSs) plays a crucial role in NIMs.

The main emphasis in the studies of NIMs has been
placed so far on linear optical effects. Recently it has been
shown that NIMs including structural elements with non-
symmetric current—voltage characteristics can possess a non-
linear magnetic response at optical freqiiencies {10-13], and
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thus combine unprecedented linear and nonlinear electromag-
netic properties. Important properties of second harmonic
generation (SHG) in NIMs in the constant-pump approx-
imation were discussed in [14] for semi-infinite materials
and in [15] for a slab of a finite thickness. The propaga-
tion of microwave radiation in nonlinear transmission lines,
which are the one-dimensional analog of NIMs, was in-
vestigated in [16]. The possibility of exact phase-matching
for waves with counter-propagating energy-flows has been
shown in [17] for the case when the fundamental wave falis
in the negative-index frequency domain and the SH wave lies
in the positive-index domain. The possibility of the existence
of multistable nonlinear effects in SHG was also predicted
in[17]. '

As will be seen from our considerations below, the phase-
matching of normal and backward waves is inherent for non-
linear optics of NIMs. We note here that the important ad-
vantages of interaction schemes involving counter-directed
Poynting vectors in the process of optical parametric amplifi-
cation in ordinary RHMs were discussed in early papers [18—
20]. However, in RHMs such schemes impose sévere limita-
tions on the frequencies of the coupled waves because of the
requirement that one of the waves has to be in the far-infrared
range.

Absorption is one of the biggest problems to be addressed
for the practical applications of NIMs. In [14, 15], a transfer
of the near-field image into the SH frequency domain, where
absorption is typically much less, was proposed as a means to
overcome dissipative losses and thus enable the superlens.

In this paper, we demonstrate unusual characteristics in
the spatial distribution of the energy exchange between the
fundamental and second-harmonic waves. Both semi-infinite
and finite-length NIMs are considered and compared with
each other and with ordinary PIMs. Our analysis is based on
the solution to equations for the coupled waves propagating
m lossless NIMs beyond the constant-pump approXimation.
The Manley—Rowe relations for NIMs are analyzed and they
are shown to be strikingly different from those in PIMs. We
also propose a new means of compensating losses in NIMs by
employing optical parametric amplification (OPA). This can
be realized by using control electromagnetic waves (with fre-
quencies outside the negative-index domain), which provide
the loss-balancing OPA inside the negative-index frequency
domain. We also predict laser oscillations without a cavity for
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frequencies in the negative-index domain and the p0s31b1!1ty
of the generation of entangled pairs of counter-propagating
right- and left-handed photons. )

The paper is organized as follows. Section 2_(_hscusses the
unusual spatial distribution of the field intensities for SHG
in finite and semi-infinite slabs of NIMs. The Manlr?y_—Rowe
relations are derived and discussed here. The .fea51b11_1ty of
compensating losses in NIMs by using the OPA 1s c01'151dc_3red
in Sect. 3. [n this section we also study cavity-less oscillations

based on distributed feedback. Finally, 2 summary of the Ob_.

tained resylts concludes the paper.

2 Second harmonic generation in NIMs
21 Wave vectors and Poynting vectors in NIMs

We consider a loss-free material, which is left-
handed at the fundamental frequency w; (81 < 0, p1 <),
‘whereas it is right-handed at the SH frequency &2 = 201
(82 > 0, pp > 0). The relations between the vectors of the elec-
_ trical, E, and magnetic, H, field components and the wave-
vector k for a traveling electromagnetic wave,

E(r, ) = Eo(n) explitk - r— o} +c.c., D
H(r, 1) = Hy(r) explitk - r —wt)l+c.c., 2)
are given by the following formulas

kx E=(w/cyuH, kxH=—(w/c)sE, 3

VEE(r, 1) = — JiH(r, 1), @
which follow from Maxwell’s equations. These exXpressions
show that the vector triplet E, H and k forms a right-handed
system for the SH wave and a left-handed system for the fun-
damental bearn. Simultaneously negative &; < 0 and pt; <0
result in a negative refractive index n = —,//E. As seen
from (1) and (2), the phase velocity vpn 18 co-directed with
k and is given by vy = (k/k)(e/k) = (e/k)(c/Inl), where
k* = n* (a)/c)z. In contrast, the direciion of the energy flow
(Poynting vector) § with respect to k depends on the s1gnS of
£and g

) _

S, = S Ex H———[H xkx H| =
dm Arwe

5 2k £

- 4rwp

2k

" dmws

(5}

As mentioned, we assume here that all indices of £ 1 and n
are real numbers. Thus, the energy flow Sfl at w 18 directed
opposite to &1, whereas S; is co-directed with k.

2.2 SHG: Basic equations

and the Manley-Rowe relaiions

We assume that an incident flow of fuqdamental ra-
diation §; at & propagates along the z-axis, which 1s normal
to the surface of a metamaterial. According to (5), the phase of
the wave at e travels in the reverse direction inside thfa NIM
(the upper part of Fig. 1). Because of the phase-matching re-
quirement, the generated SH radiation also tra'?rels baqu_t’ar_d
with energy flow in the same backward direction. This 15 1
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FIGURE 1
RHM stabs

SHG geometry and the difference between SHG in LHM and

contrast with the standard coupling geometry in a PIM (the
lower part of Fig. 1). Following the method of [17], we as-
sume that a nonlinear response is primarily associated with
the magnetic component of the waves. Then the equations for
the coupled fields inside a NIM in the approximation of slow-
varying amplitudes acquire the form:

ddr &b :
& = k2622 4y 3 A% exp(—iakz), (6)
dA; a7 .
T; =i k11 (:2] 8rx'2 A2 A% exp(inkz). )

Here, xe%) is the effective nonlinear susceptibility, Ak =k, —
2k; is the phase mismatch, and A; and A, are the slowly vary-
ing amplitudes of the waves with the phases traveling against
the z-axis:

Hiz, ©) = Ajexp [—ilkjz+ w;t) | +c.c., (8)
where, w2 = 2w and k; 2 > 0 are the moduli of the wave-
vectors directed against the z-axis. We note that according
to (4) the corresponding equations for the electric components
can be wriiten in a similar form, with e; substituted by u; and
vice versa. The factors y; were usually assumed to be equal to
one in similar equations for PIMs. However, this assumption
does not hold for the case of NIMs, and this fact dramati-
cally changes many conventional electromagnetic relations.
The Manley—Rowe relations [21] for the field intensities and
for the energy flows follow from (3)- (7):

kidial? & didal®

d|Ss ﬁdiSzl _
g dz dz ’ -

dz dz

2n 0. )
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The latter equation accounts for the difference in the signs of
g| and g3, which brings radical changes to the spatial depen-
dence of the field intensities discussed below.

We focus on the basic features of the process and ighore
the dissipation of both waves inside the nonlinear medium; in
addition, we assume that the phase matching condition ko =
2k, is fulfilled. The spatially-invariant form of the Manley--
Rowe relations follows from (30):

|A11*/e1+ |Aa]*fe2 = C, : (10)

where C is an integration constant. With gy = —e5, which
is required for the phase matching, (10) predicts that the
difference between the squared amplitudes remains constant
through the sample

|47~ A2l = C, (11

" as schematically depicted in the upper part of Fig. 1. This

is in complete opposition to the requirement that the sum of
the squared amplitudes is constant in the analogous case in
a PIM, as schematically shown in the lower part of Fig. 1.
We now introduce the real phases and amplitudes as A 7 ==
h) 2 exp(ig1.2). Then the equations for the phases, which fol-
low from (6) and (7), show thatif any of the fields become zero
at any point, the integral (10} corresponds to the solution with
the constant phase difference 2¢; — ¢p = 7/2 over the entire
sample. _

The equations for the slowly-varying amplitudes corres-
ponding to the ordinary coupling scheme in a PIM, shown in
the lower part of Fig. 1, are readily obtained from (6)—(8) by
changing the signs of k| and k3. This does not change the in-
tegral (10); more importantly, the relation between g and &,
required by the phase matching now changes to £; = g2, where
both constants are positive. The phase difference remains the
same. Because of the boundary conditions &, (0) = &;p and
h2(0) = hyg = 0, the integration constant becomes C = h%o.
Thus, the equations for the real amplitudes in the case of a PIM
acquire the form:

hi(z) =\ g — ha(2)?, 12)

dha/dz =k [Rig—ha(2)°]. (13)
with the known solution

ha{z) = hyp tanh(z/zq), (14)
h1(z) = o/ cosh(z/zo), zo = [xhio] . (15)

Here, x = (eza)% JeeHdn ng) . The solution has the same form
for an arbitrary slab thickness, as shown schematically in the
lower part of Fig. 1.

23 SHG in a NIM slab

Now consider phase-matched SHG in a lossless
NIM slab of a finite length L. Equations {(6) and (11} take the
form:

h(z) = C+ha(2)%, : (16)
dhyfdz = —k [C+k2(z)2] . : {an

Taking into account the different boundary conditions in
a NIM as compared to a PIM, /1 (0) = kg and /2(L) =0, the
solution to these equations is as follows

h =/Cran [V/Ci(L _z>] , (18)
b =T/ cos [VCr(L~2)]. (19)

where the integration parameter C depends on the slab thick-
ness L and on the amplitude of the incident fundamental radi-
ation as

V' CiL = arccos (\/E/hm) . 20)

Thus, the spatially invariant field intensity difference between
the fundamental and SH waves in NIMs depends on the slab
thickness, which is in strict contrast with the case in PIMs.
As seen from (16), the integration parameter C = h(z)* —
ha(z)? now represents the deviation of the conversion effi-
ciency .n = h3y/h3, from unity: (C/h3;) =1 —n. Figure 2
shows the dependence of this parameter on the conversion
length zo = (h19)~ . The figure shows that for the conversion
length of zg = (2.5), the NIM slab, which acts as nonlinear
mirror, provides about 80% conversion of the fundamental

beam into a reflected SH wave. Figure 3 depicts the field dis—

tribution along the slab. One can see from the figure that with
an increase in slab length (or intensity of the fundamental
wave), the gap between the two plots decreases while the con-
version efficiency increases (comparing the main plot and the
mset).

2.4 SHG in a semi-infinite NIM

Now we consider the case of a semi-infinite NIM
at z > 0. Since both waves disappear at z — o¢ due to the
entire conversion of the fundamental beam into SH, C = 0.
Then (16) and (17) for the amplitudes take the simple form

ha(2) = hi(2). (21
diy fdz = —«ch3. (22)

06 |

o4 ¥ Cihfy=1-7

0 5 10
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FIGURE 2 The normalized integration constant C/h3, and the energy con-
version efficiency 7 vs. the normalized thickness of a NIM slub




134~ ' Applied Physics B - Lasers and Optics

1.0

08 |
06 |
0.4
o2 Hehe
. 1
G, SN
0 . T
o 1 2 3 4 5

Zlz
FIGURE3 The squared amplitudes for the fundamental wave {the dashed
fine) and SHG (the solid line) in a lossless NIM stab of a finite length. Inset:
the slab has a length equal 1o one conversion length. Main plot: the slab has

a length' equal to five conversion lengths. The dash-dot [ines show the cnergy-
conversion for a semi-infinite NIM

Equation (21) indicates 100% conversion of the incident fun-
damental wave into the reflected second harmonic at z =0
in a lossless semi-infinite medium provided that the phase
matching condition' Ak = 0is fulfilled, The integration of (22)
with the boundary condition 4, () = hyy yields

ha(z) = » 20 = (khig) ™!, (23)

hio

(z/z0) +1
Equation (23) describes a concurrent decrease of both waves
of equal ampht‘udes' along the z-axis; this is shown by the
dash-dot plots in Fig. 3. For z > ¢y, the dependence is in-
‘vers'ely PTOPO_ITIOH_HI to z. These spatial dependencies, shown
in Fig, 3, are in strict contrast with those for the conventional
process of SHG in a PIM, which are known from various text-
books (compare, for example, with the lower part of Fig. 1).

3 Optical parametric amplification
and difference-frequency generation
in a NIM slab with absorption

3.1 OPA: basic equations and Manley-Rowe relations

‘ As menyioned in Sect. 2.1, § is counterdirected
with respect to & in NIMs, because ¢ < 0 and i< 0. We

. assume that a left-handed wave at @y travels with its wave-

vector directed along the z-axis. Thep its energy flow 8, is
directed against the z-axis. We also assume that the sample
18 illuminated by a higher-frequency electromagnetic wave
traveling along the axis z. The frequency of this radiation
w3 falls in a positive index fange. The two coupled waves
with co-directed wave-vectors k; and k; generate a difference-
f.reql‘lency idier at @, = w3 — w1, which has a positive refrac-
tive index. The idle wave contributes back into the wave at
w1 through three-wave coupling and thus enables optical para-
metric ampiification (OPA) at e, by converting the energy
of the pump field at 3. Thus, the nonlinear-optical process

LHM RHM

i
0 L 0 L
FIGURE 4 The difference between OPA processes in LHM and PIM slabs

under consideration involves three-wave mixing with wave-
vectors co-directed along z. Note that the energy flow of the
signal wave, 8y, is directed against z, i.e., it is directed op-
posite to the energy flows of the two other waves, $; and S;
(Fig. 4, the left part). Such a coupling scheme is in contrast
with the ordinary phase-matching scheme for OPA, which is
schematically shown in the right part of Fig. 4. As above, we
consider the magnetic type of the quadratic nonlinearity. For
the magnetic field

Hj(z, t) = hjexplilkjz — w;n)] +c.c., (24)

the nonlinear magnetization at the signal and idler frequencies
is given by the equations

MY =22 hshy explil(ks - ka)z — antl), (25)
MY =25 P sk} explilths — ko)z - wnt}. (26)

Here, j=1,2,3; wr = w3 —w;; andk; = |n;|w; /¢ > 0. Then
the equations for the slowly-varying amplitudes of the signal
and the idler acquire the form

dh
EZI = iy hsh} explidkz] ~|—%k[, Con
dhy * . (v

& =iouhah] expliakz] — Ehz, (28)

where o; = Srrng)sjco}/kjcz, Ak =k3 —ky— ki, and o; are
the absorption indices. The amplitude of the pump A3 is as-
sumed constant. We note the following three fundamental
differences in (27) as compared with the ordinary difference-
frequency generation (DFG) through the three-wave mixing
of co-propagating waves in a PIM, First, the sign of oy is
opposite to that of o, because &; < 0. Second, the oppo-
site sign appears with oy because the energy flow $; is dir-
ected against the z-axis. Third, the boundary conditions for
hi are defined at the opposite side of the sample as com-
pared to iy and A3 because their energy-flows S; and §; are
counter-directed. .

Atay = oz =0, one finds with the aid of (27), (28) and (5):

d [ fm k2 o W2
dz £1 ¢ &9 Wy

d sl |Szf] d Slz ng :
—[PE =g, 2 _
dz l:hwl frox dz | hoy  Baw 0 (30




poPOV et al. Negative-index metamaterials: second-harmonic generation, Manley—Rowe relations and parametric amplification 135

These equations represent the Manley—Rowe relations [21],
which describe the creation of pairs of entangled counter-
propagating photons fiw; and fiw;. The equations account for
the opposite sign of the corresponding derivatives with respect
to z. Equation (29) predicts that the sum of the terms propor-
tional to the squared amplitudes of signal and idler remains
constant through the sample, which is in contrast with the re-
quirement that the difference of such terms is constant in the
analogous case in a PIM. We note that according to (4) and
(5) the corresponding equations for the electric components
in the case of the quadratic electric nonlinearity can be writ-
ten int a similar form with &; substituted by ;. As seen from
the equations below, this does not change either the results
obtained or the main conclusions presented here; the same is
true for the case of SHG. As mentioned in Sect. 2, the factors
w; were usually assumed to be equal to unity in equations for
PIVis, which is not the case for NIMs.

3.2 OPA and DFG in NIMs

We introduce the normalized amplitudes a; =
Je;i/uih;/ /o their squared values are proportional to the
number of photons at the corresponding frequencies. The cor-
responding equations for such amplitudes acquire the form

d F

dizl = —iga; expliAkz] + %ah €29
d

dizz = iga explinkz] — %Eaz, (32)

where g = (/@rwz//E182/ 1 pea) B fc)x Phs. Account-
ing for the boundary conditions a;(z = L) = a1z, and a2 (z =
0) = app (where L is the slab thickness), the solutions to (31)
and (32) are as follows

: Ak Ak
ai{z) = Ay exp |:()31 +IT) z} + Az exp [(ﬁz +12) z] .
(33)
as(z) = w1 Ay exp |:(;31 mi%k) Z}

+ iz Az exp [(ﬁz *i—Az—k) Z] . (34)
Hefe,
ﬁ]’z = (O.’] —052)/4:|:iR, IC1’2 == [:ER+L9]/g, (35)
R=/g2—52 s=(a;+oax)/4—i1Ak/2, (36}
Ak
A= {alycz—aio exp |:(,62—|—i7) LiH /D, (37)

Ay=— {alLffl — &y exp [(ﬁt +i%k) L} } /D, (38)

Ak Ak
D =kxpexp |:(,51 +17) L] — K1 eXp [‘(ﬂz ~I—1~i—) LjI .
(39}

At ayp = 0, the amplification factor for the left-banded
wave is given by n,{e1) = lawo/a1|?, where

o —ay Ak
— — ) L
an _ eXp[ ( 4 +12) }

- Ak
a1z mtenr AR GnRL
iR 2R

(40)
cos RL + [

Alternatively, at af, =0, the conversion factor for the
difference-frequency generation of the left-handed wave is

found as ng(w) = |‘a10 lad, ]2, where

aw _ —(g/R)ysin RL @l
¥ Ak '
M0 cos RL+ |:O£141:{(12 — lﬁ] sin RL

Equation (40} shows that the amplification of the left-handed
wave can be turned into a cavity-less oscillation when the de-
nominator tends to zero. The conversion factor for DFG, ng,
experiences a similar increase. In the case of Ak =0 and small
optical losses (o) + )L <« m, (33) and (34) are reduced to

® .

wry o CIL o _
ai(z) ~ os(eD) cos(gz) -+ cos(g L) sinjg(z — L}], (42)

day, a0 _
az(z) = coszL) sin{gz) + cos(el) cos[g(z — L)]. (43)

The output amplitudes are then given by

a*
ajp=—=
cos(glL)

—iagy tan(gl), (44

i

cos(gLl)’ @3)

asp, =iaj; tan{gL) +

Thus, the oscillation threshold value for the control field in-
tensity in this case is given by gr = =/2L. It increases with
absorption and phase mismatch.

The dependence of the output intensity for the left-handed
wave propagating in an absorptive NIM slab in the presence
of the control field at w; and at azy = 0 is shown by the solid
line in Fig. 5 for two representative cases of exact and par-
tial phase-matching. The dash plots show the output in the
case of DFG (at a;z =0, azp # 0). Amplification in the up-
per part of Fig. 5 reaches many orders in the first maximum
and increases in the next maximums. It can be seen that the
amplification can entirely compensate for absorption and even
turn into oscillations when the intensity of the control field
reaches values given by a periodic set of increasing numbers.
The larger the corresponding value, the greater the amplifica-
tion and the DFG output; the latter depends on the absorption
for both waves and on the phase mismatch A k. The conversion
factor is larger in its maximums than the amplification factor
because DF( is a one-step process, whereas OPA is a two-
step process as discussed in Sect. 3.1. As seen from Fig. 5, the
output shows a resonance dependence on the intensity of the
control field at ws. Figure 6 depicts corresponding changes in
the distribution of the negative-index field inside the slab in
the vicinity of the first maximum at Ak = 0.

4
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FIGURE 5 The amplification factor n,(w) (the solid line) and the effi-
ciency of difference-frequency generation nglw1) (the dashed line) for the
backward wave at 7 =0, o) L = 1, wa L. = 1/2. In the upper plot: Ak =0.1In
the lower plot Ak =m
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FIGURE 6 Resonant changes in the distribution of the normalized inten-
sity of the left-handed wave inside the slab of NIM, n.(e;) (the solid line)
and ny{ew:) (the dashed line), caused by the adjustment of the normalized
intensity for the control field at s, ghoonl=1,0mL=1/2, Ak=0

4 Conclusion

We have studied the unusual properties of second-
harmonic generation (SHG) in metamaterials that have
a negative rtefractive index for the fundamental wave and
a positive index for its second harmonic (SH). The possibil-
ity of a left-handed nonlinear-optical mirror, which converts
the incoming radiation into a reflected beam at the doubled
frequency with efficiency that can approach 100% for lossless
and phase-maiched medium is considered. The most striking
differences in the nonlinear propagation and the spatial depen-
dence of the energy-conversion process for SHG in NIMs, as
compared to PIMs, can be summarized as follows. In NIMs,
the intensities of the fundamental and SH waves both decrease

along the medium. Such unusual dependence and the appar-
ent contradiction with the ordinary Manley—Rowe relations
are explained by the fact that the energy flows for the fun-
damental and SH waves are counter-directed, whereas their
wave-vectors are co-directed. Another interesting characteris-
tic of SHG in NIMs is that the energy conversion at any point
within a NIM slab depends on the total thickness of the slab.
This is because SHG in a NIM is determined by the bound-
ary condition for SH at the rear interface rather than the front
interface of the slab.

We have shown the feasibility of compensating losses
in NIMs by optical parametric amplification (OPA). In this
process, the wave-vectors of all three coupled waves are
co-directed, whereas the energy flow for the signal wave
is counter-directed with respect to those for the pump and
the idler waves. This process is characterized by properties
that are in strict contrast with those known for conventional
nonlinear-optical crystals. Such exiraordinary features al-
low one to realize optical parametric oscillations (OPQs)
without a cavity at frequencies where the refractive index
is negative. We also showed that the OPA and OPO in
NIMs enable the generation of pairs of entangled counter-
propagating right- and left-handed photons inside the NIM
slabs.

The backward energy flow for one of the coupled waves
(whereas the wave-vectors of all the coupled waves are co-
directed) is inherent for NIMs and it makes this process dif-
ferent from three-wave mixing in PIMs. This is also differ-
ent from various processes in RHMSs based on distributed
gratings and feedback. The important advantage of the back-
ward OPA and OPO in NIMs investigated here is the dis-
tributed feedback, which enables oscillations without a cav-
ity. In NIMs, each spatial point serves as a source for the
generated wave in the reflected direction, whereas the phase
velocities of all the three coupled waves are co-directed. As
mentioned, it is very hard to realize such a scheme in PIMs,
while the OPA in NIMs proposed herein is free from the PIM
limitations.
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