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ABSTRACT

Theoretical and semiempirical studies of two-dimensional (2D) metal nanopatrticle arrays under periodic boundary conditions yield quantitative
estimates of their electromagnetic (EM) field factors, revealing a critical relationship between particle size and interparticle spacing. A new
theory based on the RLC circuit analogy has been developed to produce analytical values for EM field enhancements within the arrays.
Numerical and analytical calculations suggest that the average EM enhancements for Raman scattering (G) can approach 2 x 101 for Ag
nanodisks (5 x 101 for Au) and 2 x 10° for Ag nanosphere arrays (5 x 108 for Au). Radiative losses related to retardation or damping effects
are less critical to the EM field enhancements from periodic arrays compared to that from other nanostructured metal substrates. These
findings suggest a straightforward approach for engineering nanostructured arrays with direct application toward surface-enhanced Raman
scattering (SERS).

Nanostructured metaldielectric interfaces often exhibit [Gic[), which has greater relevance for the design and
enhanced optical phenomena at visible and near-infraredoptimization of SERS-based chemical sensors. In this regard,
(NIR) frequencies via excitation of surface plasmon mddes. Gardéa-Vidal and Pendry have provided electrodynamics
The enticing possibilities of engineering such properties for calculations on periodic nanostructured metal films v@h
applications in photonics and chemical sensing have led tovalues on the order of £0a level of activity commonly
a resurgence of activity in the design of plasmonic materials observed in many experimental systeins.
with subwavelength dimensioAg€nhanced electromagnetic Here we provide numerical calculations and a simple
(EM) field effects can be generated either in a broad spectralanalytical theory for calculating EM field enhancements in
range, as is the case for disordered metitlectric com- tyo.-dimensional (2D) arrays of metal nanoparticles embed-
posites;* or at select frequencies from periodically ordered ge( in a dielectric medium. The numerical simulations and
metal nanostructures. Periodicity plays a key role in tuning gnaytical values are in good agreement and y@ldalues
the optical response of the latter, and has been documented,g high as 2« 10" for arrays of cylindrical Ag nanodisks
in experimental and theoretical investigations of plasmon- 54 5% 101 for arrays of Au nanodisks. Analytical values
enhanced effects such as surface-enhanced Raman scattering,, aiso be obtained for 2D arrays of metal nanospheres,
(SERS): 7 extraordinary optical transmissién'® and robust yielding G values on the order of  1(° and 5x 1CF for
photonic band gaps at visible and NIR wavelengths: Ag and Au nanoparticles, respectively. These activities,

SERS has attracted Widespread attention because of ItSNhICh are up to several orders of magnitude greater than
demonstrated potential for single-molecule spectroscopy andihose of aperiodic metaidielectric composites or roughened
chemical sensing with high information contéft'® The metal surfaces, are independent of morphology-dependent
rational design of optimized SERS substrates remains aresonances such as those responsible for microcavity-
challenging goal, despite extensive efforts to elucidate the enhanced SERS.The enhancements of the nanostructured
physical basis of signal enhancement. Several theoreticalyrrays are strongly dependent on the ratio of particle diameter
studies have described highly localized EM fields at the g interparticle spacing, which determines both the intensity
junction of metal nanostructurés;™*® with local EM of local field factors and the available cross-sectional area
enhancement factooc = [Eioc(4)/Eo(4)|* as high as 18— for sampling chemical and biomolecular analytes. Our
10'#for a two-particle syster#. However, less attention has  ,qels jllustrate how the interplay between field enhance-
been paid to the average EM enhancement facrs=(  ment and interparticle spacing can impact the design of array-

based SERS sensors for trace chemical analysis.
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which were solved by the exact block elimination appro#ch.
This method provides solutions for site potentials corre-
sponding tdE(r)/Ep in L* operations, an enormous savings
in computing time compared with thé operations required

by Gaussian elimination metho#sG is obtained simply as
the mean value 06,c= |Eioc(r)/Eol* within a unit cell of

the periodic lattice. We note that these calculations are
equally valid for periodic arrays of nanowires at constant
depth as for oblate metal nanodisks with high aspect ratio,
whose electric fields and currents are confined to the plane
of the systeni.

The intensities of the local and average EM field enhance-
ments depend greatly on both incident wavelength and
diameter-spacing ratio (see Figures 1 and 2 @g. andG
of Au nanodisk arrays at different values)gf Au nanodisk
arrays with large diameteispacing ratios ¥ = 30) can
produceGy values as high as 19 whereas Ag nanodisk

Ei 1 c tional vi  local EM field fact arrays can produd8; values as high as 10 These optical
dljch:arde byp_pc:?;isz'zgﬁiéohqa( _\"g‘f?%m()é?_ E,) \;\ﬁthina[(): e?ir c?di?:ro- gains are the product of wavelength-selective resonant modes
- il - X,

2D arrays of Au nanodisks embedded in a low-dielectric medium Within the periodically ordered arrays (see beld#)vith
(e = 1.5). Two different lattice geometries are shown: (a, b) 2D respect to the average EM enhancemeatsan be described
square lattice; (c, d) 2D hexagonal lattice. Two different diameter as a resonance band whose width increases withrrays
spacing ratios are shown: (a, g)=5; (b, d)y = 10. Note the ~ jth |arge y can produce higlG over a greater range of

change in scale fofE(r)/Eo| for arrays with different values of o : . : .
y. Discretization was performed using a 120120 square lattice. e_XC|t_at|on wavelengths, which has important practical rami
fications for SERS.

d < 4, arranged in square or hexagonal lattices in a dielectric  The highestG values G™®) can be several orders of
mediumey using periodic boundary conditions (see Figure magnitude greater than that generated by a random metal-
1).22Such arrays can be approximated as planar systems fodielectric film at the percolation threshold € pc), as well

the purpose of estimating local field factrelere we apply ~ as those produced by periodic gratings whose plasmonic
the current conservation law, which can be expressed in termsresponses are at the saturation limit for continuous metal

of a local potentialp(r) films (see Figure 2J.In contrast, average field enhancements
outside of the resonance band are much lower than those
Vlo(r)(— Ve(r) + Eg)] =0 1) generated by broadband amplifiers such as disordered metal-
dielectric films. Introducing disorder into the 2D arrays also
whereE; is the incident electric fieldg(r) = —iwen/4r is substantially decreasé3, indicating that long-range order

the local conductivity, and, = ¢ + i€’ is the complex is an important factor for generating high local EM resonant
dielectric function of the metal. Describing the continuity €nhancements, which in turn provide the greatest contribution
equation in these terms allows the collective plasmon 0 G.
response to be determined under quasistatic conditions in a The intensities of the local field enhancements that
scale-invariant mannér.In addition, E(r)/E; can be compriseG are also dependent on their spatial relationship
calculated as a continuous function of packing density, within the nanoparticle array, and also in their relationship
described by a single geometric parameter d/o, where with the polarization of the incident wavevector. In our
dis the distance between the particles at the point of closestcalculations, values fdg.. were obtained at fixed diameter-
approach. The parameter is fundamentally important,  spacing ratios with the incident light polarized along the
because the resonance condition can be derived directly fromx-axis, such that the local EM enhancements are greatest at
Poisson’s equation to yield the simple relationship ~ sites between particles along the direction of polarization
—Véq. (see Figure 1 foy = 5 and 10). However, a change in the

It is important to note that the quasistatic approximation polarization angle produces large shifts in the positions and
is valid for nanoparticle arrays with periodicities below the intensities of the maximum local field factors, with a small
diffraction limit (1/2). Radiative loss from elastic (Rayleigh) reduction in the average EM enhancements (see Figure 3).
scattering is negligible, and losses due to retardation effectsFor exampleG values produced by square-lattice 2D arrays
(a function of the finite skin depth of nanoparticles larger decrease by a factor of 2 whéhchanges from Dto 45°.
than 30 nm) can be accounted for by a first-order correction The polarization angle is likely to be an important parameter
(see belowY.Furthermore, for a 2D nanoparticle array where for single-molecule SERS and related spectroscopies, in
y > 1, the spatial localizations of the EM resonances which the analytes of interest are thought to be localized

between particles are well within the quasistatic limit. between particle¥:1>2%In this scenario, the Raman signals
Discretization of eq 1 on a square-mesh lattice under can be maximized by adjustirtuntil the highest local fields
periodic boundary conditions yieldéd equations|{ = 120), are coincident with the exact position of the molecule.
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Figure 2. Average EM enhancement&) from 2D arrays of Au nanodisks as a function of incident wavelengjta( fixed particle
diameter-spacing ratiosy = 5, 10, and 30): (a) 2D square lattice; (b) 2D hexagonal lattice. A pl&@ &bm random metatdielectric
films at the percolation thresholg & p.) is included for comparison.

can be expressed ag = €,(1 — ix), wheree;, < 0 and loss
factork < 1. If y > 1 and the surrounding dielectrég is
taken into account, one can derive an expression for an
effective dielectric functiorees

7 (A +al2)
VoA —iyw+1 W+1)

)

€ai = €l

Figure 3. Local EM field distributions and intensities at different  where parameters/ = |¢;, |/l and A = (W/y — 1)/k (see
polarization angles. Lef) = 0° (Eo = Ey; Right, 6 = 45°. Supporting Information for more details). This composite
LR G R L dielectric function reaches a maximum wh&nr— 0, so that

ot = lenl(L + i)/ de(W+ 1). If A > 1, ee is mostly
real and larger tharyg, such that the array response is
dominated by interparticle capacitandg).(If A < 0, the
imaginary part ofer prevails, resulting in large losses and
subsequently large fluctuations in local field. It is worth
noting that the effective absorption of the metdlelectric
composite e g, is proportional to/|e,,|/k near resonance,
which increases asgoes to zero. A high effective absorption
s necessary to produce giant fluctuations in the local fields
between particles and determines the capacity of the 2D
arrays to accumulate and release EM energy.

The EM enhancement fact@ (averaged over the unit
cell, minus metal particles) can now be expressed analytically

Figure 4. Frequency-dependent plasmon response depicted as a
array of RLC circuits.

To confirm the validity of the numerical calculations under
guasistatic conditions, we have developed an analytical
approach for estimatinG. The EM coupling between metal
nanoparticles can be conceptualized as arrays of RLC circuits®®
across the interparticle gap, with each elemeapresenting
a resonance defined by local spacihdsee Figure 43.The
negative permittivity of the metakf, < 0) and the dielec-
tric ¢4 are represented respectively by inductaRed. and
capacitanc€. The RLC model suggests that the collective 4N*+9  A(4A" + 15A% + 15)
plasmon resonances of the 2D nanoparticle arrays should (A% + 1)3/2 (A% +1)°
shift strongly toward lower frequencies (highC) with

increasingy, in accord with our numerical simulations and (see supporting Information for more details). The maximum
recent calculations involving metal nanoparticle dimers (s€€ gy enhancemen®™ is also achieved when — O if a

Figure 2)2 In addition, the model is consonant with the . 4e free-electron response is assumed in whigh) =
broadening of the plasmon bandwidths that occurs with red- 1 _ (wplw)? andi = w.Jw, with plasma frequency, > o

shifting, which reflects a greater degeneracy of EM states atond relaxation frequencyw, < @, parameterW can be

hlgh y due to the effecuvelly greater radius of curvature at approximated asuy/w)%, * andG™ can then be estimated
the interface between particles.

The RLC model provides a theoretical framework for
describing changes in EM Raman enhancement as a function . s 7 ap
of y anden,. Under low-loss conditions the dielectric function GC™ = m(wyy€)’w, Wes (4)

(W + 1)
X
2((4— )W + 4"

G

i

®3)
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Figure 5. Analytical solutions of average EM enhancemer@} (

as a function of. for 2D square-lattice arrays of Au nanodisks and Figure 6. Ratio of G

nanospheres (solid and dashed curves, respectively), calculated fo
y = 5 and 10. The corresponding numerical solution for the 2D
nanodisk array (dotted curve) is included for comparison.

in which the resonance frequency is defined mss ~
wp(yed) 2. For the case of Au nanodisk arrays, we uge
=9.3 eV andw, = 0.03 e\ to obtain an approximat@™ma
value of 5x 10%y%2),.32, whereles = 27Clwyes is the
resonance wavelength expressegin. For the case of Ag
(wp = 9.1 eV,w, = 0.021 e\*) we obtain aG"* value of
2 x 10Meq752,.872, which is four times larger than that of
gold.

The analytical expressions derived from the RLC model
are in excellent agreement with the numerical calculations
of G for the 2D nanowire arrays at different values jof
(see Figure 5). It is particularly noteworthy that the analytical
G values are essentially identical with those obtained by
numerical calculations under quasistatic conditions. It should
be noted, however, that the numerical calculations exhibit

additional maxima at shorter wavelengths that are not presen{

in the analytical solutions. These peaks are likely related to
artifacts resulting from the discretization procedure.

For periodic 2D arrays of metal nanospheres, the analytical
expression for the effective dielectric function is rather
different from eq 2:

RIG

As in the case of metal nanodisk arrays, the imaginary part
of eet prevails whemA < 0, producing large fluctuations in
local field. The average EM enhancement between nano-
spheres is then expressed as

KA
W+

1) IOg(K\(/Xt]E)

eef‘f,sphg Zed[(l +

& - 3W+ 1)z A
W32 1+ (A + k)

—tan YA + K)] (6)

whereGgpn is further averaged in thedimension between
+d/2 and—d/2. Assuming a Drude free-electron response,
the maximum EM enhanceme@; can be estimated as

~max 4 -2 -3 -1
sph = (%/Z)wped Wy Wreg

)

in which the resonance frequency is again definedas~
wp(yed) 2. Substituting in the same optical constants as
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values (located midway between gold
anodisks) calculated with and without retardation effects as a
unction of lattice period. Nanoparticles are arranged in a square-
lattice array withy = 30 and incident wavelength= 1 um.

before, we find that theGJ:‘ values for Ag and Au
nanosphere arrays are approximately 210%4 ?A.es and

5 x 104 %Aes respectively. The nearly two order-of-
magnitude difference between egs 4 and 7 can be ascribed
to the change in unit particle geometry. In the case of the
2D disk arrays, plasmonic contributions to the local EM field
strength are constant with respect to depth, whereas in the
case of the 2D nanosphere array the field strength rapidly
decreases with distance from the particle surfaces. Neverthe-
less, the resonance behaviors of the two systems are entirely
analogous with respect to and eefr.

The analyses thus far have been performed using quasi-
static approximations in which retardation effects are as-
sumed to be negligible. However, such effects may become
significant when the particle size or lattice constant is no
onger small compared with the incident wavelength. Here
we estimate the extent to which retardation effects influence
G as a function of lattice periodicity, for a given diameter
spacing ratioy = 30; see Figure 6). Local field factors were
calculated by solving the coupled-dipole equations both with
and without retarded potentials for very large square-lattice
arrays of Au nanodisks\(~10%; see Supporting Information
for more detailsf’ A comparison of these factors reveals
no effects of retardation o for periodicities up to 40
nm, after which a gradual decrease ensues. Even so, the
retardedG values remain relatively high, indicating that
periodic order can significantly reduce radiation losses in
arrays of particles which otherwise experience significant
retardation effects.

Finally, we collate the theoretical relationship between EM
enhancement and periodic structure with some recent ex-
perimental SERS measurements, taken from hexagonally
close-packed 2D arrays of colloidal gold nanoparticles whose
diametef-spacing ratios range from approximately-18)0
(see Figure 7y. The empirical Raman signal enhance-
ments Gserg are amplified by local EM field factors and
are proportional tdG with the modification thaiGsgrs =
|E(A)/Eo(A) 12| E(L)/Eo(2")|%, whered and A’ are the incident
and Stokes-shifted wavelengths, respectidéfyln our
theoretical considerations we take into account the skin effect
by renormalizing the dielectric permittivity (see Supporting
Information for more details). We also take into account the
loss of incident field due to reflection and absorption at the
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|Og1g[é)

25

50 75

Y

100 125 150

Figure 7. Average EM enhancements calculated with first-order

correction G') for 2D hexagonal arrays of Au nanospheres at

647 nm (solid curves) and 785 nm (dotted curves), in comparison
with the correspondin@sersvalues (circles and squares, respec-

tively). Retardation effects due to finite skin depth are taken into
account in the analytical theor@' values for 2D arrays with exact

y (in gray) are superimposed over those in which a variance of
30% has been assumed (in black).

air—metal interface by introducing a first-order correction
to the enhancement factd@® = T?G,, where T is the
transmission coefficientT(~0.25 based on experimental
extinction measurementsEven so, the comparison between
experiment and theory remains semiquantitative, as the
empirical Gsgrsvalues also depend on several other factors
such as chemical “first-layer” effects and the efficiency of
the collection optics.

Analytical EM enhancement values were calculated for
2D arrays of Au nanospheres at fixed incident wavelengths
(Aex = 647, 785 nm), in which local order was assumed.
Values forG' were obtained as means of distributions about
a given value ofy using a 30% coefficient of variance to
account for the limited precision of measuremeiithese
enhancements are in fact very similar@values derived
for crystalline 2D arrays with precisely defined spacings,
particularly asy becomes large (see Figure 7). The com-
parison of G’ with empirical Gsgrs values reveals similar
trends with respect tgr, demonstrating good correlation
between experiment and theory.

Two additional observations are worthy of discussion.
First, for a given incident wavelengtlG is essentially
equivalent toG™*wheny is above a threshold value. This
is a consequence of the tradeoff betwe@p., whose
maximum intensities increase rapidly with and the total
available field volume which decreases with The wide
range of diameterspacing ratios that can providg™ is
of great practical benefit for designing 2D nanoparticle arrays

as SERS-based chemical sensors. However, it is also
necessary to consider geometrical requirements for accessing(ll)

high-field regions, so that analyte molecules can be rapidly
detected. Highly localized EM field enhancements have a
lower probability of detecting exogenous analytes than those
which are diffused over a larger cross-sectional area,;
therefore, the optimal diametespacing ratio should be the
threshold value of which producess™ with the greatest
possible sampling volume.

Second, both theoretical and empiriclvalues of the
2D nanoparticle arrays remain approximately constant as
increases with respect to the wavelength, i.e., with increasing

Nano Lett., Vol. 4, No. 1, 2004

d/1-9, in contrast to that calculated and observed in isolated
nanospheres for whidB decreases a#ii becomes large® 3!

This again indicates that size-dependent radiative damping,
which is known to degrade field factors from isolated metal
nanoparticles as an approximate function of particle volume,
does not have a strong effect on the SERS activities of the
2D nanoparticle arrays. The modest effect of particle size
on Gsersfrom the experimental system further supports our
notion that damping and retardation effects are minimized
when the local EM fields are spatially confined to volumes
within the quasistatic limit.
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